Tensor representation (TR) for wave function (WF) of three-nucleon bound state with the total angular momentum I = 1/2 is discussed. The WF in TR has 16 complex components depending on vectors of relative momenta. Constraints on the WF imposed by requirements of invariance with respect to space inversion and time reversal are studied. Both parityeven and parity-odd components of the 3N bound state are constructed using 16 scalar functions. The arguments of the functions are magnitudes of relative momenta and scalar product of the momenta. With nuclear forces being time-reversal invariant these functions are real. The WF in TR is converted into an operator form (OF), accounting for parity violating contributions. Properties of operator representations for WFs of 2N and 3N nuclei are compared.
Introduction
Structure and general properties of the three-and four-nucleon bound state WFs were investigated by E.Gerjuoy and J.Schwinger [1] under the assumption that the nuclear forces are invariant with respect to the space inversion. Threenucleon system of even parity that has the total angular momentum I = 1 2 was considered in the paper. It was shown that the tritium WF can be obtained from the 3N spin state with zero spin in two-nucleon subsystem making use of a set of spin-angular operators multiplied by scalar functions. The operators are constructed from vectors of the Jacobi coordinates and Pauli matrices of nucleons. The scalar functions depend on the magnitudes of the Jacobi coordinates and cosine of the angle between them. All three-nucleon states
, and
with total orbital momentum L = 0, 1, 2 and total spin
Tensor Form of the 3N Bound-State Wave Function
In TR [5] WF of the three-nucleon bound states with the total angular momentum I = 
Indices 23, 1 indicate the choice of the Jacobi momenta and the order nucleon spins are coupled. Eq. (1) is written in the center of mass system of the nucleus. The Jacobi momenta are p =
with k n being the momentum of the nth nucleon (n = 1, 2, 3). The total spin of nucleons 2 and 3 is S. The two-nucleon spin states are defined as 
where C aα bβcγ is the Clebsch-Gordan coefficient [7] . Vector 1 2 m n n is an eigenstate of the nucleon spin operator squared s 2 (n), which belongs to the eigenvalue m n of s z (n).
The isospin formalism is not employed in the present paper. The nucleon labeled by 1 is chosen to be neutron (proton) for 3 He ( 
For a parity violating interaction between nucleons nuclear states are superpositions of opposite parity terms Ψ; Ψ;
where P Ψ; 
A consequence of (4) and (7) is
As seen from Eqs. (4), (7) , and (8), interchange of identical nucleons and space inversion yield relations between components of WF (1) with the same quantum numbers SM mm ′ at different points in the space of Jacobi momenta. When interaction between nucleons is T -even, the WF fulfills
For time reversal T we follow the convention T JM = (−1)
where JM is an eigenstate of angular momentum operators J 2 and J z . Time-reversal invariance of nuclear forces yields for components of the WF with definite parity
where values of WFs are taken at the same point of the p, q-space. With the help of Eq. (10) components of tensor (6) with m ′ = − . Property (10) of the tensor WF was used in calculations [4] [5] [6] .
It is convenient to regard WF (1) as a collection of four 2 × 2 matrices
The matrices Φ SM ( p, q ) in the same way as the 3N state Ψ; 1 2 m ′ split into parts with definite parity
Constraints (10) due to space-time inversion symmetries can be written as
for parity-even components and
for parity-odd ones, where σ i are Pauli matrices and i, k = x, y, z. We use the notations Φ( p, q; N ) for Φ S=M=0 ( p, q; N ), and Φ i ( p, q; N ) for cartesian components of three-vector Φ( p, q; N ), whose contravariant cyclic components are Φ S=1,M ( p, q; N ). Eqs. (13)- (16) lead to the suggestion on how to gain constraints on WF (1) when nuclear forces are time-reversal invariant but may violate space parity. With the purpose to derive the corresponding relations, that, in contrast to Eq. (9), include WF for one set of Jacobi momenta, we construct various independent scalar functions φ ν = φ ν (p, q, ξ) from components of the WF in the TR using tensors δ ik , ǫ ikl and vectors Functions φ ν can be obtained by contracting matrices (11) with W ν and W ν given in Table 1 . The expressions for matrices W ν and W ν contain axial vector
Four scalar functions can be built up from the WF components with spin
Components of the WF that have S = 1 can be used to produce another 12 functions
Functions (17) and (18) are real provided that interaction between nucleons is time-reversal invariant. Requirements (1) with S = 0 and S = 1 depend on four and 12 real functions ψ ν = ψ ν (p, q, ξ). Thus a set of scalar functions ψ ν with ν = 1, . . . , 16 can be used to construct a WF of 3N bound state with I = 1 2 for parity violating nuclear forces that respect time-reversal invariance. 
Set of matrices W ν and W ν is not unique. Instead of φ 15 and φ 16 one can use, e.g.
Since φ ν with ν = 15, . . . , 18 obey (19) and (20) . Additional functions, for which ν > 16, and φ ν with ν = 1, . . . , 16 proved to be not independent. For example,
Restrictions on the WF in TR due to time-reversal invariance are exhausted by equations that are generated with the help of the matrices listed in Table 1 . Matrices W ν and W ν presented in Table 1 are chosen to have definite parity. Respectively, functions (17) , (18) and constraints (19) and (20) involve even or odd components (6) of the WF.
Positive-parity functions Ψ SMm m ′ ( p, q; 0) with S = 0 and 1 satisfy (19) and (20) . Moreover, these functions obey
Eqs. (19), (20), (24) and (25) ( p, q; 0) depends on eight real functions ψ λ , for which we assign λ = 1, . . . , 8. This observation conforms to conclusions [3] .
Negative-parity functions Ψ
( p, q; 0) meet Eqs. (19) and (20) . The odd WF components also satisfy (24) with ν = 1, 4 and (25) with ν = 7, . . . , 12. Taking into account the constraints on parity-odd components, we see that these components can be build up using eight real functions ψ λ , which we label by λ = 9, . . . , 16.
Eqs. (10) or (13)- (16) 
Decomposition of the Wave Function over Polarization Operators
Aiming to elucidate structure of WF (1), which is a reducible tensor, we decompose it over the complete system of polarization operators (POs) T KM (s) for spin s = Properties of the POs are discussed, e.g. in [7] [8] [9] . We take POs in the conventions of Ref. [7] . The contravariant POs are given by
The matrices of the covariant POs are
In terms of matrices (11) the decomposition of tensor WF (1) reads
TensorΨ SM KM ′ ( p, q ) is to be constructed from the Jacobi momenta p and q. Component of the tensor with S = K = 0 is a scalar function Ψ 00 00 ( p, q ) = ψ 1 (p, q, ξ).
As above, we denote ψ λ = ψ λ (p, q, ξ), where λ = 1, 2, . . . . The tensors with S = 0, K = 1 or S = 1 K = 0, which are equivalent to three-vectors, can be written asΨ
where pseudovector v
The contravariant and covariant components of (32) are related by (cf. Eq. (26))
Structure of the reducible tensorΨ
where, similarly to Eqs. (29)- (31), one has
Term w 2κ ( p, q ) in (34) receives contributions from irreducible tensor products of rank two, which may be quadratic and cubic in relative momenta,
Eqs. (29)- (31), (34)-(37) yield for components of the WF that have positive parity
Matrices Φ SM ( p, q; N = 0) depend on functions ψ λ with λ = 1, . . . , 8, where
Other 8 functions ψ λ with λ = 9, . . . , 16 appear in the negative parity contributions to the WF. Component Ψ SMm m ′ ( p, q; N = 1) with zero spin S reads
The part of the WF with S = 1 can be written as 
Operator Form of the Wave Function
Relation between TR and OFs for the WF can be obtained from decomposition Ψ;
R.h.s. of (43) contains spin states |SM 23 with S=0 and 1, which are related by
where operator σ(23) = 
OperatorΨ( p, q ) acting in the spin space can be expressed through the matrices Φ SM ( p, q; N ), viz.,
In Eq. (46) the matrices Φ SM ( p, q; N ) are given by expressions (38), (39), (41), (42) where σ is substituted by σ(1).
Representation (46) can be also derived by means of less formal decomposition ofΨ( p, q ) in terms of the cartesian components of the operators σ(1) and σ(23) In analogy to (29)-(31) the scalar and the vectors can be written as
The second rank tensor can be split into symmetrical and antisymmetrical parts
We may take the symmetrical tensor in the form
Inclusion of terms that contain more than three unit vectors into (50) leads to redefinition of functions ψ ν , e.g., adding tensor v n v n ′ modifies function ψ ν with ν = 4, 6, 7 and ψ ′ 8 . The antisymmetrical tensor in (49) can be given by
Insertion of other terms, for example iǫ 
is not singled out, ψ λ=6,7 and ψ ′ λ=8 contribute to the S-state, and through tensor Ψ . Pseudovector v in (38) and (39) together with antisymmetrical part of (39) determine P -waves. Odd components Φ SM ( p, q; N = 1) with spin values S = 0 and 1, which contain ψ λ with λ = 9, 10 and λ = 11, . . . , 14, produce negative-parity 
where the spin-angular operators u λ ∧ p, ∧ q corresponding to the scalar functions are separated out. The operators and functions in (53) are superpositions of ones in Gerjuoy-Schwinger representation [1, 3] .
Another way to get an OF for the WF is to transform decomposition (43) eliminating explicit contribution of the spin state χ 0 = |S = M = 0 23 . Identity
where χ M = |S = 1, M 23 , can be used with this end. Instead of Eq. (45) one has Ψ;
where covariant cyclic components of χ are χ M , and χ 1 2 m = 1 2 m 1 . Expression for the operator X( p, q ) generating 3N-state (55) involves 2 × 2 matrix Γ( p, q; N ), which comes from the term Ψ
Parity-even component of Γ is given by
Representation (57) for Γ( p, q; N = 0) is not unique. Choice of coefficients a i (i = 1, 2, 3) depends on the purpose of the transformation.
Parity-odd
originates from (41) and contains no ambiguities.
Common Features of Tensor and Operator Representations for Deuteron and 3 He Wave Functions
In calculations of reaction amplitudes, e.g. of 3 He two-body photodisintegration, or the momentum distributions of proton-deuteron clusters in 3 He both WFs of 2N and 3N nuclei are constructed making use of partial-wave decompositions. The deuteron WF is known [10] [11] [12] [13] 
3 D 1 states when nucleon-nucleon potential includes both P-even and Podd contributions. In the case of a three-body bound state partial-wave series involve infinite number of terms [2] .
WFs of deuteron and
3 He in the TR consist of 9 and 16 complex components regardless of whether nuclear forces conserve parity. The components of WFs in the TR are not independent.
In the center of mass system WF of deuteron with the total angular momentum J = 1 and its projection M ′ reads
Nucleons in deuteron have number labels 2 and 3. Component of the WF (59) with S = 0 can be written as
where notation φ(
is a 3 × 3 matrix, which can be decomposed similarly toΨ SM KM ′ ( p, q ) over the POs with spin s = 1 (see Eq. (34)). Coefficients in the decomposition, which are denoted by φ kκ ( p ), where k = 0, 1, 2, can be constructed as follows
Time-reversal invariance of NN interaction implies that the functions φ(p; 2S+1 L J ) are real.
Part of the deuteron WF with S = 1 is
where φ(
, and auxiliary vectors A and B are introduced for convenience.
Eq. (62) can be written in terms of cartesian components
of the tensor φ 1M 1M ′ ( p ). The P-even part of (63)
is symmetrical in indices n, n ′ and real. The P-odd contribution to the WF originating from 1 P 1 wave (60) is real, whereas one coming from the 3 P 1 wave is antisymmetrical and imaginary
Eqs. (60), (61) and (64)- (65) correspond to partial-wave decompositions [10] [11] [12] [13] of WF (59). Compact representation (64)-(65) for the deuteron WF prompts us to search for corresponding constructions in the case of 3N and 4N systems.
OFs for the deuteron WF can be derived from expressions (64)-(66). Vector φ with cyclic components that coincide with the deuteron state |φ; J = 1, M is produced according to
by operator φ( p ) acting in the spin space. Axial-and polar-vector parts of
spring from parity conserving and violating nucleon-nucleon interaction. The operator φ( p ) is applied in (67) at the two-nucleon state |S = M = 0 23 with zero total spin. In this respect, Eq. (67) is similar to decomposition (45) in the case of 3N nuclei. While transformations of (67) under rotations are provided by the operator φ( p ), in the case of 3N bound state, vector
is responsible for the correct properties of Ψ;
′ , which is generated by the scalar operator Ψ( p, q ).
As seen from (68) and (A.5), both the deuteron WF and the S = 1 component of 3N WF for collinear relative momenta depend on four scalar functions and possess the same space-spin structure.
One can get from (60), (61) and (67) other representation
that involves explicitly only the 2N spin states χ with S=1. Vector in the spin space χ( p ) is given by
Identity (54) has been employed to obtain contribution of 1 P 1 state to (70). Derivation of Eqs. (69) and (70) does not suffer from any ambiguities in contrast to the transformation of the S = 0 contribution to the 3N WF that yields the matrix Γ( p, q; N = 0). Really, angular dependence of 1 P 1 component (60) is determined by only one vector ∧ p, and application of the identity is straightforward.
Summary and Outlook
We discuss TR and OFs for WF of 3N bound state with the total angular momentum I = ( p, q ), which consists of 16 complex components. Time-reversal invariance implies that these components are not independent and yields 16 real constraints imposed on the tensor WF. The WF in TR, e.g. of 3 He, can be built up using 16 real scalar
Structure of the tensor Ψ SMm m ′ ( p, q ) is scrutinized with the help of decompositions over POs. Under the assumption that interaction between nucleons is T -even, the WF is expressed in terms of 16 functions ψ λ . Eight of them with λ = 1, . . . , 8 produce parity-even components of the WF. Ones with λ = 9, . . . , 16 appear for parity non-conserving nuclear forces and cause parityodd admixtures in the WF. Functions ψ λ are related to the 3N sates with definite values of total angular orbital momenta.
To gain an OF for the 3N bound state we proceed from the WF in TR. In one of the derived OFs the spin-angular structure of the WF is generated by operators u λ q are combined with the nucleon spin operators to form u λ , which are scalars with respect to rotations in space of the Jacobi momenta. The operators u λ and functions ψ λ can be written as superpositions of the respective quantities in the Gerjuoy-Schwinger representation [1, 3] for the WF. We note that for collinear relative momenta components of the 3N WF with S = 1 assume the form which is similar to one inherent to the deuteron WF.
The deuteron WF, which has total angular momentum J = 1, can be constructed from the NN spin states |SM 23 with total spin either S = 0 or S = 1. The OFs for the deuteron WF are equivalent to partial-wave decompositions [10] [11] [12] [13] . The obtained OFs differ from Rarita-Schwinger representation [14, 15] .
The 3N WF can be also written in the form of an operator X( p, q ) applied at the state S = 1, M In [1, 3] and in the present paper the isospin formalism is not employed. TR (1) turned out [4] to be convenient to derive an OF for the WF taking into account isospin degrees of freedom. Explicitly antisymmetrical operator representation for the WF within the isospin formalism can be deduced from the decomposition Ψ = (1 − (1, 2) − (1, 3)) Ψ (1) , where Ψ (1) is taken in an OF. Transpositions of nucleon quantum numbers in momentum, spin and isospin space are denoted by (i, j). Being represented in one of the above discussed OFs, vector Ψ
(1) meets the requirement (2, 3) Ψ
, which provides antisymmetrization of the 3N bound state.
Other approach that allows one to arrive at evidently antisymmetrical WF is widely known [16] [17] [18] [19] . The WF can be built up from functions Ψ
[ν] ( p, q ), spin, and isospin states that belong to irreducible representations (ν = symmetrical, antisymmetrical, and mixed) of the symmetric group S 3 . The corresponding expressions for the P-even WF remain unaltered when effects of parity violation are incorporated, while functions Ψ
[ν] ( p, q ) are to be modified with the aim to include P-odd contributions.
Owing to progress in calculations [20] [21] [22] of WFs for three-nucleon bound states with realistic nuclear forces, one can hope that the 3N nuclei provide an important test laboratory for studying various processes due to neutral or charged weak currents. Both TR and OFs for the WFs are convenient for analysing qualitative features of corresponding matrix elements and could be useful, e.g. in studying parity-odd spin-dependent momentum distributions of nucleons in polarized 3N nuclei, anapole moments of the nuclei, observables in parity-violating electron scattering on 3 He. ( p, q ) with the help of (17) and (18) . Aiming to express functions ψ ν through φ ν , we insert (38), (41) into (17) and (39), (42) into (18) . Matrix U of linear transformation φ ν ′ = ν U ν ′ ν ψ ν , where ν, ν ′ = 1, . . . , 16, has diagonal-block structure and is degenerated when
The case of collinear relative momenta is discussed in Appendix A. Here we consider the inverse transformation when ξ = ±1.
We have ψ 1 = φ 1 and (1 − ξ 2 )ψ ν = φ ν ′ , where ν ′ = 4, 7 correspond to ν = 2, 3. Vectors A µ , B µ are given in Table 2 . 
